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1 The addition formula for the $\tau$-function of the KP hierarchy
Let
$[ \alpha]=(\alpha, \frac{\alpha^{2}}{2}, \frac{\alpha^{3}}{3}, \xi(t, \lambda)=\sum_{n=1}^{\infty}t_{n}\lambda^{n}, t=(t_{1}, t_{2}, t_{3}, \cdots)$ .
The KP hierarchy is a system of equations for a function $\tau(t)$ given by
$\oint e^{\xi(t'-t,\lambda)}\tau(t'-[\lambda^{-1}])\tau(t+[\lambda^{-1}])\frac{d\lambda}{2\pi i}=0$ . (1)
Here $\oint$ means a formal algebraic operator extracting the coecient of $z^{-1}$ of Laurent series:
$\oint\frac{dz}{2\pi i}\sum_{n=-\infty}^{\infty}a_{\mathfrak{n}}z^{n}=a_{-1}.$
Set $t=x+y,$ $t'=x-y$ . Then (1) becomes
$\oint e^{-2\xi(y_{)}\lambda)}\tau(x-y-[\lambda^{-1}])\tau(x+y+[\lambda^{-1}])\frac{d\lambda}{2\pi i}=0$ . (2)
Set
$y= \frac{1}{2}(\sum_{i=1}^{m-1}[\beta_{i}]-\sum_{:=1}^{m+1}[\alpha_{i}])$ .
By virtue of the identity
$\sum_{n=1}^{\infty}\frac{x^{n}}{n}=-\log(1-x)$ ,
the exponential factor $e^{-2\zeta(y,\lambda)}$ reduces to a rational function of $\lambda,$ $\alpha_{i},$ $\beta_{i}$ as
$e^{-2\xi(y,\lambda)}= \frac{\prod_{i=1}^{m-1}(1-\beta_{i}\lambda)}{\prod_{i=1}^{m+1}(1-\alpha_{i}\lambda)}.$
Finally shifting the variable $x$ as
$x arrow x+\frac{1}{2}(\sum_{i=1}^{m-1}[\beta_{i}]-\sum_{i=1}^{m+1}[\alpha_{i}])$ ,
we get the following addition formulae of $\tau$-function
$\sum_{i=1}^{m+1}(-1)^{i-1}\zeta(x;\beta_{1}, \ldots, \beta_{m-1}, \alpha_{i})\zeta(x;\alpha_{1}, . . . , \hat{\alpha}_{i}, . . . , \alpha_{m+1})=0, m\geq 2$ , (3)
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where
$\zeta(x;\alpha_{1}, \ldots, \alpha_{n})=\Delta(\alpha_{1}, \ldots, \alpha_{n})\tau(x+[\alpha_{1}]+\cdots+[\alpha_{n}])$ ,
$\Delta(\alpha_{1}, \ldots, \alpha_{n})=\prod_{\iota'<j}(\alpha_{i}-\alpha_{j})$
,
and, $\hat{\alpha}_{i}$ denotes to remove $\alpha_{i}.$





We call (4) `the three terms equation'. We have derived (4) from (1). In fact, the converse is true.
Theorem 1 The three terms equation (4) is equivalent to the $KP$ hierarchy (1).
This theorem has been proved by Takasaki and Takebe [25]. They proved the theorem by constructing
the wave function of the KP-hierarchy. To do it they used the dierential Fay identity which is a certain
limit of (4). Here we give an alternative and direct proof of the theorem. Theorem 1 is proved by using the
following propositions.
Proposition 1 The $KP$ hierarchy (1) is equivalent to (3).
Proposition 2 The following formula follows from (4):
$\frac{\tau(x+\sum_{i=1}^{m}[\beta_{i}]-\sum_{i=1}^{m}[\alpha_{i}])}{\tau(x)}=\frac{\prod_{i,j=1}^{m}(\beta_{i}-\alpha_{j})}{\prod_{i<j}\alpha_{ij}\beta_{ji}}\det(\frac{\tau(x+[\beta_{i}]-[\alpha_{j}])}{(\beta_{i}-\alpha_{j})\tau(x)})_{1\leq i,j\leq m}, m\geq 2$ . (5)
Proposition 3 The Pl\"ucker relations for the determinant of the right hand side of (5) give the addition
formulae (3).
Proposition 1 is proved using the properties of symmetric functions. Proposition 2 is proved by using
the Sylvester's theorem on determinants.
2 The $mKP$ hierarchy
Let $\tau_{l}(t)(l\in \mathbb{Z})$ be $\tau$-functions of the modied KP $(mKP)$ hierarchy. We use the same notation as that for
KP hierarchy $([\alpha], \xi(t, \lambda)$ , etc
The $mKP$ hierarchy is given by the bilinear equation of the form
$\oint e^{\xi()}t-t'\lambda)\lambda^{l-l'}\tau_{l}(t-[\lambda^{-1}])_{\mathcal{T}\downarrow\prime}(t'+[\lambda^{-1}])\frac{d\lambda}{2\pi i}=0, l\geq l'$ . (6)
Set $t=x-y,$ $t'=x+y$ . Then (6) becomes
$\oint e^{-2\xi(y_{)}\lambda)}\lambda^{l-l'}\tau_{l}(x-y-[\lambda^{-1}])\tau_{l'}(x+y+[\lambda^{-1}])\frac{d\lambda}{2\pi i}=0, l\geq l'$ . (7)
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Let $l-l'=k\geq 0$ . Set
$y= \frac{1}{2}(\sum_{i=1}^{m-2}[\beta_{i}]-\sum_{i=1}^{m+k}[\alpha_{i}])$ .
The exponential factor in (7) reduces to a rational function of $\lambda,$ $\alpha_{i},$ $\beta_{i}$ as in the KP case:
$\exp(-\xi(\sum_{i=1}^{m-2}[\beta_{i}]-\sum_{i=1}^{m+k}[\alpha_{i}], \lambda))=\frac{\prod_{i=1}^{m-2}(1-\beta\dot{.}\lambda)}{\prod_{i=1}^{m+k}(1-\alpha_{i}\lambda)}.$
Computing the integral as the KP case and shift the variable $x$ as
$x arrow x+\frac{1}{2}(\sum_{i=1}^{m-2}[\beta_{i}]-\sum_{i=1}^{m+k}[\alpha_{i}])$ ,
and we get the following addition formulae of the $mKP$ hierarchy:
$\sum_{i=1}^{m+k}(-1)^{i-1}\zeta_{l}(x;\beta_{1}, \ldots, \beta_{m-2}, \alpha_{i})\zeta_{l+k}(\alpha_{1}, \hat{\alpha}_{i}, \ldots, \alpha_{m+k})=0$
$l\in \mathbb{Z}, k\geq 0, m\geq 2$ , (s)
where
$\zeta_{(}x;\alpha_{1}, \ldots, \alpha_{n})=\Delta(\alpha_{1}, \ldots, \alpha_{n})\tau_{l}(x+\sum_{i=1}^{n}[\alpha_{i}])$ .




We call this equation (9) `the three terms equation of the $mKP$ hierarchy'.
In this case, we have
Theorem 2 The three terms equation (9) is equivalent to the $mKP$ hierarchy (6).
Theorem 2 has been proved by Takebe. We give another and direct proof of it. Similarly to the case of
the KP hierarchy, this theorem is proved by using the following propositions.
Proposition 4 The $mKP$ hierarchy (6) is equivalent to (8).






Proposition 6 The Pl\"ucher relations for the determinant of right hand side of (10) gives (8) with $k=1.$
Lemma 1 Equation (8) follows from (9).
Using free fermions, we can derive the equation (10).
Following [1] let $\psi_{n},$ $\psi_{n}^{*}$ be free fermionic operators with the following anticommutation relations:
$[\psi_{n}, \psi_{m}]_{+}=[\psi_{n}^{*}, \psi_{m}^{*}]_{+}=0, [\psi_{n}, \psi_{m}^{*}]_{+}=\delta_{mn}.$
They generate an innite dimensional Cliord algebra. We dene the generating functions of free fermions
as
$\psi(\lambda)=\sum_{i=1}^{\infty}\psi_{i}\lambda^{i}, \psi^{*}(\lambda)=\sum_{i=1}^{\infty}\psi_{i}^{*}\lambda^{-i}.$
For $n\in \mathbb{Z}$ , set
$H(x)= \sum_{n=1}^{\infty}x_{n}H_{n}, H_{n}=\sum_{i\in Z}:\psi_{i}\psi_{i+n}^{*}:.$
Then we introduce a vacuum $|0\rangle$ and the dual vacuum $\langle 0|$ . These vacuum have the following properties:
$\psi_{n}|0\rangle=0, (n<0) , \psi_{n}^{*}|0\rangle=0, (n\geq 0)$
$\langle 0|\psi_{n}=0, (n\geq 0) , \langle 0|\psi_{n}^{*}=0, (n<0)$
We need the shifted vacua $|l\rangle$ and the dual vacua $\langle l|$ dened by
$|l\rangle=\{\begin{array}{l}\psi_{l-1}\cdots\psi_{0}|0\rangle, n>0\psi_{l}^{*}\cdots\psi_{-1}^{*}|0\rangle, n<0\end{array}$
$\langle l|=\{\begin{array}{l}\langle 0|\psi_{0}^{*}\cdots\psi_{n-1}^{*}, n>0\langle 0|\psi_{-1}\cdots\psi_{n}, n<0.\end{array}$
It is easy to check the following properties:
$\psi_{n}|l\rangle=0, n<l, \psi_{n}^{*}|l\rangle=0, n\geq l$
$\langle l|\psi_{n}=0, n\geq l, \langle l|\psi_{n}^{*}=0, n<l.$
Proposition 7 We get the equation (10) by the following equation:
$\frac{(l|\psi^{*}(\alpha_{1}^{-1})\cdots\psi^{*}(\alpha_{n}^{-1})\psi(\beta_{n-1}^{-1})\cdots\psi(\beta_{1}^{-1})e^{H(x)}g|l+1\rangle}{\langle l|e^{H(x)}g|l\rangle}$
$=(-1)^{n-1}\det(\begin{array}{llll}a_{11} \cdots a_{1,n-1} b_{1}\vdots : :a_{n1} .\cdot.\cdot a_{n,n-1} b_{n}\end{array})$ , (11)
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where
$a_{ij}= \frac{\langle l|\psi^{*}(\alpha_{i}^{-1})\psi(\beta_{j}^{-1})e^{H(x)}g|l\rangle}{\langle l|e^{H(x)}g|l\rangle},$
$b_{1}= \frac{\langle l|\psi^{*}(\alpha^{-1})e^{H(x)}g|l+1\rangle}{\langle|e^{H(x)}g|l\rangle}i,$
and
$G=\{g\in A|\exists g^{-1}, gVg^{-1}=V, gV^{*}g^{-1}=V^{*}\}, V=\oplus_{i\in Z}\mathbb{C}\psi_{i}, V^{*}=\oplus_{i\in Z}\mathbb{C}\psi_{i}^{*},$
and $A$ is the Cliord algebra.
Equation (11) can be derived by using the generalized Wick's theorem. For $l\in \mathbb{Z}$ , we can get the (10)
by considering
$\eta(x)=\langle l|e^{H(x)}g|l\rangle, g\in G.$
3 The BKP hierarchy
Let $\tau(t)$ be the $\tau$-function of the BKP hierarchy. In this case, the time variable is $t=(t_{1}, t_{3}, t_{5}, \cdots)$ . We
set
$[ \alpha]_{0}=(\alpha, \frac{\alpha^{3}}{3}, \frac{\alpha^{5}}{5}, \tilde{\xi}(t, \lambda)=\sum_{n=1}^{\infty}t_{2n-1}\lambda^{2n-1}.$
The BKP hierarchy is dened by
$\oint e^{\overline{\xi}(t-t',\lambda)}\tau(t-2[\lambda^{-1}]_{0})\tau(t'+2[\lambda^{-1}]_{0})\frac{d\lambda}{2\pi i\lambda}=\tau(t)\tau(t')$ . (12)
Set $t=x+y,$ $t'=x-y$ . We get
$\oint e^{-2\tilde{\xi}(y_{)}\lambda)}\tau(x-y-2[\lambda^{-1}]_{0})\tau(x+y+2[\lambda^{-1}]_{0})\frac{d\lambda}{2\pi i\lambda}=\tau(x+y)\tau(x-y)$ . (13)
Set
$y= \sum_{:=1}^{n}[\alpha_{i}]_{。}.$





Computing the integral by taking residues as before and shifting $x$ appropriately, we have
$\sum_{i=1}^{n}(-1)^{i-1}\frac{\tau(x+2[\alpha_{i}]_{0})}{\tau(x)}A_{1..\hat{i}\ldots n}^{-.1}\frac{\tau(x+2\sum_{t\neq i}^{n}[\alpha_{l}]_{0})}{\tau(x)}$
$-A_{1..n}^{-.1} \frac{\tau(x+2\sum_{l=1}^{n}[\alpha_{l}]_{0})}{\tau(x)}=0,$ $n$ : odd, (14)
$\sum_{i=1}^{n-1}(-1)_{\tau(x)}^{i-1^{\mathcal{T}(x+2[\alpha_{i}]_{0}+2[\alpha_{n}]_{0})}}\frac{\alpha_{i,n}}{\tilde{\alpha}_{i,n}}A_{1..\hat{i}\ldots n-1}^{-.1}\frac{\tau(x+2\sum_{t\neq i}^{n}[\alpha_{l}]_{0})}{\tau(x)}$
$-A_{1\ldots n}^{-1} \frac{\tau(x+2\sum_{l=1}^{n}[\alpha_{l}]_{0})}{\tau(x)}=0,$ $n$ : even. (15)
Here $A_{1\ldots n}$ is dened by
$A_{1\ldots n}= \prod_{1=i<j}^{n}\frac{\tilde{\alpha}_{ij}}{\alpha_{ij}}, \tilde{\alpha}_{ij}=\alpha_{i}+\alpha_{j}, \alpha_{ij}=\alpha_{i}-\alpha_{j}.$





We call Equation (16) `the four terms equation of the BKP hierarchy'.
Example 4 The case of $n=4$ of (15) is
$\frac{\tau(x+2\sum_{i=1}^{4}[\alpha_{i}]_{0})}{\tau(x)}=A_{1234}(\frac{\alpha_{14}}{\tilde{\alpha}_{14}}\frac{\alpha_{23}}{\tilde{\alpha}_{23}}\tau(X+2[\alpha_{1}]_{0}+2[\alpha_{4}]_{0})_{T(x+2[\alpha_{2}]_{0}+2[\alpha_{3}]_{0})}\tau(x)\tau(x)$
$- \frac{\alpha_{24}}{\tilde{\alpha}_{24}}\tau(x+2[\alpha_{2}]_{0}+2[\alpha_{4}]_{0})_{\frac{\alpha_{13}}{\tilde{\alpha}_{13}}}\tau(x+2[\alpha_{1}]_{0}+2[\alpha_{3}]_{0})\tau(x)\tau(x)$
$+ \frac{\alpha_{34}}{\tilde{\alpha}_{34}}\frac{\alpha_{12}}{\tilde{\alpha}_{12}}\mathcal{T}(X+2[\alpha_{3}]_{0}+2[\alpha_{4}]_{0})_{\mathcal{T}(x+2[\alpha_{1}]_{0}+2[\alpha_{2}]_{0})}\tau(x)\tau(x))$ . (17)
Equation (17) of example 4 can be derived from Equation (16).
Then,
Theorem 3 The four terms equation (16) is equivalent to the bilinear identity of the $BKP$ hierarchy (12).
Theorem 3 is proved by Takasaki [23]. Here we give an alternative and direct proof of it.
In order to explain the strategy, we introduce the Pfaan. Set $A=(a_{ij})_{1\leq i,j\leq 2m}$ is a skew-symmetric
matrix with the degree $2m$ . Then, the Pfaan is dened by
$\det A=(PfA)^{2}, PfA=a_{12}a_{34}\cdots a_{2m-1,2m}-\cdots$
Following [8] we denote $PfA$ by $(1, 2, 3, \ldots, 2m)$ :
$PfA=(1,2,3, \ldots, 2m)$ .
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It is directly dened by
$(1, 2, 3, \ldots, 2m)=\sum sgn(i_{1}, \ldots, i_{2m})\cdot(i_{1}, i_{2})(i_{3}, i_{4})\cdots(i_{2m-1}, i_{2m}) , (i.j)=a_{ij},$
where the sum is over all permutations of $(1,\ldots,2m)$ such that
$i_{1}<i_{3}<.$ . . $<i_{2m-1},$ $i_{1}<i_{2},$ $\cdot\cdot$ , $i_{2m-1}<i_{2m},$
and $sgn(i_{1}, \ldots , i_{2m})$ is the signature of the permutations $(i_{1}, \ldots, i_{2m})$ .
The Pfaan can be expanded as
$(1, 2, 3, \ldots, 2m)=\sum_{j=2}^{2m}(-1)^{j}(1,j)(2,3, \ldots,j, \ldots, 2m)$ .
For example, in the case of $m=2,$
$(1, 2, 3, 4)=(1,2)(3,4)-(1,3)(2,4)+(1,4)(2,3)$ .
Let us dene the components of Pfaan by
$(0,j)= \frac{\tau(x+2[\alpha_{j}]_{0})}{\tau(x)} (i,j)=\frac{\alpha_{ij}}{\tilde{\alpha}_{ij}}\frac{\tau(x+2[\alpha_{*}\cdot]_{0}+2[\alpha_{j}]_{0})}{\tau(x)}.$
Then, we rewrite (16) and (17) as
$\frac{\tau(x+2\sum_{1=1}^{3}[\alpha_{i}]_{0})}{\tau(x)}=A_{123}(0,1,2,3)$ , (18)
$\frac{\tau(x+2\sum_{i=1}^{4}[\alpha_{i}]_{0})}{\tau(x)}=A_{1234}(1,2,3,4)$ . (19)
Theorem 3 can be proved similarly to the KP case using the following propositions.
Proposition 8 The $BKP$ hierarchy (12) is equivalent to (14) and (15).
Proposition 9 The following equations follow from (16):
$\frac{\tau(x+2\sum_{\dot{*}=1}^{n}[\alpha_{i}]_{0})}{\tau(x)}=A_{1\ldots n}(0,1,2, \ldots, n)$ , $n$ : odd, (20)
$\frac{\tau(x+2\sum_{i=1}^{n}[\alpha_{i}]_{0})}{\tau(x)}=A_{1\ldots n}(1,2, \ldots, n)$ , $n$ : even. (21)
There exists an analogue of the Pl\"ucker relations for Pfaans [18].
Then we have
Proposition 10 The Pl\"ucker relation for the Pfaans of the right hand side of (20) and (21) give the
addition formulae (14) and (15) respectively.
90
References
[1] Alexander Alexandrov, Vladmir Kazakov, Sebastien Leurent, Zengo Tsuboi and Anton Zabrodin,
Classical tau-function for quantum spin chains, $arXiv:1112.3310$
[2] V. M. Buchstaber, V. Z. Enolski and D. V. Leykin, Kleinian functions, hyperelliptic Jacobians and
applicationsm, in Reviews in Math and Math. Phys. Vol.10, No.2, Goedon and Brech, London, 1997,
1-125.
[3] A. I. Bobenko and Y. B. Suris, Discrete dierential geometry. Integrable structure, Graduate studies
in Math. 98, Amer. Math. Soc., 2008
[4] E. Date, M. Jimbo, M. Kashiwara and T. Miwa, Transformation group for soliton equations, Non-
linear Integrable Systems-Classical Theory and Quantum Theory-, Ed. by M. Jimbo and T. Miwa
(World Scientic Publishing Company, Singapore, 1983).
[5] E. Date, M. Jimbo and T. Miwa, Method for generating discrete soliton equations I, J. Phys. Soc.
Japan, $51-12(1982)4116-4124$ , ibid. II, J. Phys. Soc. Japan, $51-12(1982)4125-4131$ , ibid. V, J. Phys.
Soc. Japan, $52-3(1983)766-771.$
[6] J. C. Eilbeck, V. Z. Enolski and J. Gibbons, Sigma, tau and Abelian functions of algebraic curves,
J. Phys. $A$ : Math, Theor 43 (2010), 455216.
[7] J. Fay, Theta functions on Riemann surfaces, LNM 352, 1973, Springer.
[8] R. Hirota, The Direct Method in Soliton Theory, Cambridge University Press, 2004 (Cambridge
tracts in mathematics:155).
[9] R. Hirota, Generalizations of determinant identities by Pfaan Reports of RIAM Symposium No.15
ME-S3 Mathematical Theories and Applications of Nonlinear Waves and Nonlinear Dynamics (2004)
148-156.
[10] J. Inoguchi, K. Kajiwara, N. Matsuura and Y. Ohta, Explicit solutions to the semi-discrete modied
$KdV$ equation and motion of discrete plane curves, $arXiv:1328.$
[11] M. Ishikawa and S. Okada, Identities of determinants and Pfaans and their applications to repre-
sentation theory and combinatorics, suugaku 62 (2010), 85-114 (in Japanese).
[12] M. Jimbo and T. Miwa, Solitons and Innite dimensional Lie algebras, Publ, RIMS Kyoto Univ. 19
(1983), 943-1001.
[13] I.G. Macdonald, Symmetric Functions and Hall Polynomials, second edition, Oxford University
Press, 1995.
[14] T. Miwa, On Hirota's dierence equations, Proc. Japan Acad., 58, $SerA(19S2)9-12.$
[15] T. Miwa, M. Jimbo and E. Date, Dierential equations, symmetries and innite dimensional algebras,
Cambridge University Press, 2000
[16] $A$ , Nakayashiki, Sigma functions as a tau function, IMRN 2010-3 (2010), 373-394.
[17] M. Noumi and T. Takebe, Algebraic analysis of integrable hierarchies, in preparation.
[18] Y. Ohta, Soliton theory of Pfaan version, RIMS Kokyuroku, Kyoto Univ. 822 (1993) 197-205
[19] A.K.Raina, Fay's trisecant identity and conformal eld theory, Comm. Math. Phys. 122(1989)625-
641
91
[20] M. Sato and Y. Sato, Soliton equationsas dynamical systems in an innite dimensional Grassmannian
manifold, in H. Fujita, P.D. Lax and G. Strang (ed.), Nonlinear $PDE$ in Applied Science, Lecture
Notes in Numerical Analysis vol. 5 (Kinokuniya, 1982), 259-271.
[21] Y. Shigyo, On addition formulae of KP, $mKP$ and BKP hierarchies, SIGMA 9 (2013), 035, 16 pages.
[22] K. Takasaki, Dierential Fay identities and auxiliary linear problem of integrable hierarchies, Ad-
vanced Studies in Pure Mathematics vol. 61 (2011), 387-441.
[23] K. Takasaki, Dispersionless Hirota equations of two-component BKP hierarchy, SIGMA 2 (2006),
paper 057, 22 pages.
[24] K. Takasaki, private communications.
[25] K. Takasaki and T. Takebe, Integrable hierarchies and dispersionless limit, Rev. Math. Phys. 7
(1995), 743-808.
[26] L.-P. Teo, Fay-like identities of the Toda lattice hierarchy and its dispersionless limit, Rev. Math.
Phys. 18 (2006), 1055-1074.
92
